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Abstract

The influence of the source on acoustic attenuation in uniform and non-uniform ducts with mean flow is investigated. It

is found that realizable attenuation is sensitive to details of the source that in applications such as broadband noise may be

unavailable. In this investigation a statistical source model is proposed. A finite element simulation for propagation in non-

uniform ducts with compressible mean flow with a random source description is developed. Probability density functions

for transmitted acoustic power and attenuation are determined based on as many as 100,000 trials with random

distributions of input modal power and phase. For cases with a moderate to large number of input modes, transmitted

power and attenuation appear to follow simple statistical distributions. A comparison is made with limited experimental

data, and in all cases considered measured attenuation is within or close to the predicted distribution.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Emergence of the turbofan and later the high bypass ratio turbofan engine as the main alternative for civil
aviation had the effect of reducing jet noise, while increasing fan-compressor noise. Reduction in fan noise has
been achieved to some extent by the use of acoustic treatment; however, fan noise continues to be a problem to
be dealt with at both takeoff and approach.

Design optimization of acoustic treatment has been a problem of interest since the early work of Cremer [1].
His approach was limited to ducts with no flow and was based on impedance maps plotting contours of equal
attenuation. This approach still has applicability in current problems including the effect of mean flow. With
increase in emphasis on jet and turbofan noise control in the 1970s, the method of Rice [2] based on duct
modal attenuation, its correlation with mode cut-off ratio, and modal acoustic power became the accepted
design standard. Recent methods for modeling of propagation in realistic nacelle geometry include finite
element models [3], ray theory [4], and a parabolized wave equation approximation [5].

Current studies have resulted in the observation that predicted optimum impedance is not consistent among
the various models. Furthermore, comparison of predicted attenuations with experimental data has shown
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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little systematic correlation. While all propagation models are based on a common physical model (with
various approximations), they diverge when source representation is considered. Sensitivity of attenuation
realized by acoustic treatment to source description is the focus of this investigation.

Lack of data for modal distribution has led researchers to make simplifying assumptions about the source.
In an early study, Rice [6] assumed a plane traveling wave, accounting for a pressure distribution of equal
magnitude and phase in all radial modes. The acoustic field inside the lined section is obtained and matched to
the assumed pressure distribution at the ends. Snow [7] investigated differences in attenuation for three
different source models: a planar wave, a modal distribution with pressure proportional to the blade local
velocity and finally, a distribution with phase varying linearly and constant amplitude across the duct.
Studying the effect of shear layer on attenuation, Mariano [8] tested a diffuse sound field, considering the
modal amplitudes to be the same at the entrance of the test section. He acknowledged that the phases should
be randomly distributed, but no provision was made to take this fact into account.

Rice [9] obtained a simplified formula for the mean square far-field radiated pressure. He proposed a biasing
function to alter the acoustic radial power distribution in the inverse powers of the cut-off ratio. Rice showed
that inlet broadband noise experimental data for radiation patterns seemed to fit the equal acoustic power per
mode theory. Tonal noise radiation patterns investigated data that fitted a shift of power toward modes with
low cut-off ratio. However, the far-field acoustic power flux considers the sum of all modal pressures with their
individual phase such that intermodal pressure cancellations due to phase can occur, making the method
presented in the study valid only in the particular case when the modes are phase correlated.

Modal structure of sound generated by blade-vane interactions is essential in prediction of in-duct
propagation and radiation directivity patterns of tonal noise. In this case, a relatively limited number of modes
are dominant and theoretical predictions or experiment may ultimately yield a reliable model of the source. In
the case of broadband noise, produced by sources random in time or location, the modal source description
probably cannot be estimated. In either case, at the present time the details of the source must be considered
incomplete.

The present study, which is a continuation of a previous investigation [10], is an extended analysis of
both source magnitude and phase variations and their influence on achieved attenuation in lined ducts.
A concurrent investigation to be published in a companion paper will examine in more detail the statistical
distribution of realized attenuation.

In this paper, three methods are used to assess the performance of acoustic treatment. The first is based on
the Cremer method and deals with infinite duct eigenvalues and eigenmodes. Optimization is achieved by
maximizing the attenuation in the least attenuated mode. The method is simple because it considers an
infinitely long uniform duct, which is an approximation of the actual duct geometry and mean flow conditions.
The duct eigenvalue calculation involves only modal attenuations and considers neither modal amplitudes nor
phases.

The other two lining assessment methods described here require specification of modal input and results
obtained depend strongly on this information. When source input is required, accurate information about the
modal content of the source is needed. In its absence, in the present study we propose statistical random modal
power and phase distributions that can be combined with certain simplifying assumptions about the nature of
the source. In this sense the following options are tested:
�
 equal incident modal power and phase;

�
 equal incident modal power and random phase;

�
 random incident modal power and equal phase;

�
 biased incident modal power distribution among modes (defined on the basis of the cut-off ratio) and equal

phase;

�
 biased incident modal power distribution among modes and random phase;

�
 random incident modal power and random phase.

These options have been provided in codes referred to as the segmented duct code and the propagation code.
In these approaches, the duct is considered to have a hard wall source section, a lined section and a hard wall
exit section. Acoustic power transmission loss is the measure of lining performance.
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The segmented duct code models the duct as uniform in cross section. The mean flow does not vary in the
axial direction, but it can vary in the radial direction to model the velocity profile of a sheared boundary layer.
Acoustic modes in the lined and unlined sections of the duct, together with the associated axial wavenumbers,
are obtained using a finite element model that takes into account the impedance in the lined section. Sections
of the duct are coupled by imposing continuity of acoustic mass flux and acoustic momentum. A reflection free
termination is assumed at the rigid exit section, so that only outgoing modes are present. Incident modes are
specified through their complex modal amplitudes at the source plane. Reflected modal amplitudes are
calculated at the source section, as well as transmitted modal amplitudes at the exit side. Modal amplitudes in
the lined section are also calculated. Acoustic power is determined based on the incident, reflected and
transmitted modal amplitudes.

In the propagation code, the geometry of any non-uniform duct can be accurately represented. Two straight
rigid wall sections adjoin the non-uniform section, a portion of which is acoustically lined. The mean flow, if
present, is compressible potential flow, consistent with the duct geometry. The acoustic field in the duct is
described by a finite element discretization, the geometry being assumed axi-symmetric. The eigenproblem
developed from the acoustic field equations is the basis for calculating the acoustic modes at the source plane
and at the termination plane. The incident modal amplitudes, with their phases, are specified and they
represent the source. Transmitted and reflected mode amplitudes are calculated and used to complete the
source and termination description.
2. Mathematical models for acoustic propagation

Analysis methods used in this study are based on a common starting point. It is assumed that acoustic
propagation is modeled by small perturbations on a steady, isentropic, irrotational compressible mean flow.
The duct is axi-symmetric and the coordinate system is cylindrical, with x the axis of symmetry, y the
circumferential coordinate, and r the cylindrical radius. The mean flow satisfies the continuity and momentum
equations, and the isentropic equation of state in the form

r � rrrfr

� �
¼ 0, (1)

rr ¼ 1þ
g� 1

2
ðM2
1 � rfr � rfrÞ

� � 1
g�1

, (2)

c2r ¼ rg�1r ¼ 1þ
g� 1

2
ðM2
1 � rfr � rfrÞ. (3)

The steady flow field equations are in non-dimensional form based on conditions at the acoustic source plane
where the Mach number is MN, density is rN, and speed of sound is cN. Local (non-dimensional or reference)
density and speed of sound are rr ¼ r/rN, cr ¼ c/cN, and local non-dimensional Mach number is
Mr ¼ V=c1 ¼ rfr

�� ��. V is the local flow speed and fr is the local velocity potential, non-dimensional with
respect to RcN. R is a reference length, in the present case the duct radius at the source plane. Spatial variables
are non-dimensional with respect to R. For uniform flow cases, density, speed of sound and Mach number are
constant and equal to rN, cN, MN. For non-uniform ducts Eqs. (1)–(3) are solved by the method of weighted
residuals in a finite element formulation [11,12]. Acoustic perturbations are represented in terms of the
linearized continuity equation in terms of acoustic potential ~v ¼ rf

qr
qt
þ r � ðrrrfþ rrfrÞ ¼ 0. (4)

Pressure and density follow from the acoustic momentum equation and the acoustic equation of state:

p ¼ �rr

qf
qt
þrfr � rf

� �
, (5)
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r ¼ �
rr

c2r

qf
qt
þ rfr � rf

� �
. (6)

Acoustic perturbations are non-dimensional on the same basis as steady flow field variables, with the addition
that acoustic pressure is non-dimensional with respect to r1c21.

The boundary conditions at an impedance wall relating the normal component of acoustic particle velocity
to displacement of the boundary in non-dimensional form are

~v �~n ¼ rf �~n ¼
qz
qt
þ ~Mr � gradz� z~n � ð~n � gradÞ ~Mr. (7)

Non-dimensional displacement at the boundary is denoted by z, and is in the direction ~n normal (outward) to
the undeformed surface [13]. At the wall there is an impedance relationship connecting acoustic pressure at the
wall to the velocity of the boundary. In harmonic motion this is in non-dimensional form

p ¼ Z
qz
qt
¼ iZrZz. (8)

Consistent with harmonic motion, differentiation with respect to time, qz/qt is replaced by iZrz, with Zr ¼

oR/cN defined as the non-dimensional frequency. o is the dimensional frequency in rad/sec. In Eq. (8), Z is
the impedance, made non-dimensional after dividing by rNcN.

For a uniform duct in the case of harmonic dependence, this general formulation leads to the convected
wave equation [14]

iZr þMr

q
qx

� �2

p�r2p ¼ 0, (9)

and for a circular duct, boundary conditions

qp

qr
¼ �

iZr

Z
1� i

Mr

Zr

q
qx

� �2

p; r ¼ 1; p is finite; r ¼ 0. (10)

At the inner wall of an annular duct, a similar boundary condition is applicable. Duct modes are found
from an eigen-problem defined by Eqs. (9) and (10) when a solution is assumed in the form

p ¼ PðrÞe�iðmyþkxxÞ. (11)

The eigen-problem for the circular duct [14] is then to find for a specified circumferential mode, m, and a
specified frequency Zr, non-trivial solutions to

d2P

dr2
þ

1

r

dP

dr
þ k2 �

m2

r2

� �
P ¼ 0,

dP

dr
¼ �

iZr

Z
1�Mr

kx

Zr

� �2

P; r ¼ 1,

P is finite; r ¼ 0, ð12Þ

where the axial wavenumber is defined by

kx

Zr

¼
1

1�M2
r

�Mr �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1�M2

r Þ
k
Zr

� �2
s2

4
3
5. (13)

kx/Zr is in general complex with the real part corresponding to phase velocity and the imaginary part
corresponding to attenuation. A similar eigen-problem is obtained for the case of an annular duct with the
additional inner wall boundary condition.

Axial wavenumbers are grouped according to direction of propagation. Those yielding decay in the positive
x direction are classified as right running waves and those yielding decay in the negative x direction are
classified as left running waves. Within the two classifications axial wavenumbers are ordered according to the
ascending magnitude of the attenuation. The least attenuated radial mode for a specified angular mode
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(wavenumber) is mode n ¼ 1. Eqs. (12) and (13) form the basis for what is referred to here as the Cremer
optimization method. In the original work of Cremer [1] the mean flow was not considered. His approach
would be equivalent to plotting contours of equal attenuation in the impedance plane with axes taken as
resistance and reactance of the wall impedance Z. The Cremer approach used here includes mean flow and
couples the eigen-problem to an optimization scheme which seeks the impedance which produces the
maximum attenuation in the least attenuated mode propagating away from the source. After finding the
optimum, the map of attenuation contours in the impedance plane is produced, centered on the optimum.

The eigen-problem of Eq. (12) is based on the Bessel equation, and in principle a semi-analytic approach to
solution is possible. However, it proves to be far more efficient to use a weighted residual scheme based on the
finite element method to generate a discrete algebraic eigenvalue problem from Eqs. (12) and (13).

The segmented duct code is also based on the eigen-problem of Eqs. (12) and (13). In this case, the duct is
divided into three segments, beginning with a hard wall (infinite impedance) source section, an acoustically
treated section and a hard wall termination section with non-reflecting exit. This is shown in Fig. 1. The flow in
the figure is from left to right (positive Mach number). The acoustic field at the source is a combination of
incident (positive) and reflected (negative) complex pressure amplitudes aþ1 and a�1 . At the left interface
between the hard wall and the acoustically treated section bþ1 represents the incident amplitudes while b�1 the

reflected ones, aþ2 signifies the transmitted amplitudes in the lined section and a�2 the reflected ones. At the

right interface bþ2 and b�2 are the incident and reflected soft wall amplitudes, aþ3 and a�3 are the transmitted and

reflected amplitudes in the terminating hard wall section. bþ3 and b�3 are transmitted and reflected amplitudes

at the end of the terminating hard wall section. It is assumed that the end of the duct is reflection free such that
b�3 ¼ 0.

In each section, the eigen-problem is solved to determine a finite set of axial wavenumbers and
eigenfunctions. The eigenfunctions are defined at discrete points, the nodes of the finite element mesh.
Continuous versions of the eigenfunctions are obtained by conventional finite element interpolation. In each
section the acoustic field is represented by an eigenfunction expansion based on a set of right and left running
modes, the number of which is chosen to span all propagating modes plus a few cut-off modes. Amplitudes of
the modes are the coefficients shown in Fig. 1. Incident mode amplitudes aþ1 are specified and reflected modes
b�3 vanish to enforce the condition of no reflection. At the interfaces between the hard and soft wall sections
continuity of acoustic mass and conservation of acoustic momentum (axial component) are enforced via a
weighted residuals formulation.

The resulting set of algebraic equations produces the unknown modal amplitudes, which are organized in
the form of transmission and reflection matrices. For example, an overall transmission matrix would be

faþ3 g ¼ ½T �fa
þ
1 g, (14)

and an overall reflection matrix would be

fa�1 g ¼ ½R�fa
þ
1 g. (15)

Other scattering matrices can be defined to obtain, for example, faþ2 g and fa
�
2 g defining the scattered field in

the lined section.
In the segmented duct code, the performance metric is based on acoustic power. At the source plane and exit

plane, acoustic power is accurately calculated with the use of hard wall eigenfunctions and axial wavenumbers
Fig. 1. Segmented duct showing modal amplitude coefficients in each section and a mean flow profile.
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[11,12] when the flow is uniform. Acoustic power at the source x ¼ 0 can be written, using the definition of
Morfey [15], based on power matrices and the modal amplitude coefficients

P0 ¼ fa
þ�

1 g
T½Pþþ0 �fa

þ
1 g þ fa

þ�

1 g
T½Pþ�0 �fa

�
1 g þ fa

��

1 g
T½P�þ0 �fa

þ
1 g þ fa

��

1 g
T½P��0 �fa

�
1 g, (16)

where a complex conjugate is denoted by superscript * and a transpose by superscript T. If cut-off modes are
not included, the power at the source plane is due to incident and reflected propagating modes and

P0 ¼ fa
þ�

1 g
T½Pþþ0 �fa

þ
1 g þ fa

��

1 g
T½P��0 �fa

�
1 g. (17)

At the duct exit x ¼ L, the power can be expressed in terms of the transmitted modal amplitudes, because
there are no reflected modes

PL ¼ fb
þ�

2 g
T½PþþL �fb

þ
2 g. (18)

The power matrices at x ¼ 0, ½Pþþ0 � ; ½P
��
0 �, are diagonal and so is the power matrix at x ¼ L, ½PþþL �.

If a sheared flow profile is assumed, a measure of acoustic power based on the integration of the mean
squared pressure on the cross section is used. There is no simple conservation law in this case, but in this
seldom used option, useful results seem to be obtained. If the transmitted modes are rewritten, relating them to
the source modal amplitudes with the help of the transmission matrix from Eq. (14), then

PL ¼ fa
þ�

1 g
T½T��T½PþþL �½T �fa

þ
1 g. (19)

The power transmission coefficient, as a measure of the lining performance is defined by

TC ¼
PL

P0
, (20)

and the acoustic power attenuation, expressed in decibels is

Atten ¼ �10 log10TC: (21)

For the propagation code, the duct and mean flow field are non-uniform. A representation of the acoustic
field is no longer based on an eigenfunction expansion throughout the duct. The numerical model for duct
propagation is based on a finite element discretization of the steady flow field Eqs. (1)–(3) and the acoustic
field Eqs. (4)–(7) on an axi-symmetric domain. The steady compressible flow field is obtained from a weighted
residuals/Galerkin FEM formulation in terms of velocity potential of Eq. (1), the continuity equation,
linearized at each step of an iterative process with density allowed to be spatially dependent. Eqs. (2) and (3)
are subsidiary relations used to update density and speed of sound at each step. Mass flow rate is specified on
the source plane and the exit plane is assumed an equi-potential surface. The mean flow field is described in
terms of the mean flow velocity potential, which is required as input data for the acoustic FEM model. The
mean flow mesh is the same as the acoustic mesh to simplify data transfer.

The finite element model for acoustic propagation is also a weighted residuals/Galerkin formulation based
on Eqs. (4) and (6). Eq. (5) is used to post process acoustic potential to obtain acoustic pressure and acoustic
density from acoustic potential. The source is introduced at the source plane in terms of incident (right
running) acoustic potential modal amplitudes. Reflected (left running) acoustic potential modal amplitudes
are obtained as part of the solution. At the termination plane the acoustic field is represented by transmitted
(right running) acoustic potential modal amplitudes and reflected (left running) acoustic potential modal
amplitudes. The termination plane is assumed to be non-reflecting, and this is forced by requiring that
reflected modal amplitudes vanish. Acoustic power is computed at the source plane and termination plane
based on acoustic potential modal amplitudes by using the definition of Morfey [15], valid in the case of
irrotational acoustic perturbations on irrotational mean flow. In addition, acoustic power is computed at any
specified axial location using the Morfey definition, but by post-processing the acoustic potential. FEM
modeling of acoustic propagation and radiation in non-uniform mean flow is presented in detail in
Refs. [3,16]. Specific details of FEM applications to ducted flows terminated by reflection-free boundary
conditions are presented in Refs. [11,12].

The outcome of the finite element approach to solving Eqs. (4) and (6) is in principle a linear system of
equations

½A� xf g ¼ ff g. (22)
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The vector {x} is partitioned to include reflected modal amplitudes at the source plane {a�}, acoustic potential
values at interior nodes, and transmitted modal amplitudes at the termination {b+}. The force vector {f} is
partitioned into the input modal amplitudes {a+} and a null vector for the remaining degrees of freedom:

ff g ¼ faþ1 ; aþ2 ; . . . a
þ
NPOS; 0; 0; . . . g

T. (23)

NPOS is the number of input modal amplitudes, generally equal to the number of cut-on modes plus a few
additional modes. If these modal amplitudes are unknown, numerous random sets of modal magnitude and
phase can be considered and duct propagation, for example attenuation, modeled in statistical terms. The
FEM formulation for this can then be cast implicitly as

½A�fxg ¼ ½f �, (24)

where [f] is a matrix of randomly constructed vectors with each column of the form of Eq. (23). In the
investigation reported here, the matrix force [f] may consist of as many as 100,000 randomly constructed
forcing vectors. This form holds for each frequency and each circumferential mode. The forcing matrix has a
potentially large number of columns suggesting many re-solutions of Eq. (24).

The set of linear equations in Eq. (22) never exist explicitly, as a frontal solver is used, and complete
assembly of [A] is not carried out. In the present study the frontal solver has been extended to accommodate
multiple forcing vectors, making possible solutions to the set of equations implicitly described by Eq. (24).
However, the number of columns in [f] is limited, making it impractical to consider very large ensembles of
randomly constructed input vectors. This limitation is overcome in the present analysis by noting that the
number of input modal amplitudes, NPOS, is a relatively small number, less than 50 for the frequency range
considered (NPOS is slightly larger than the number of propagating radial modes). This being the case,
it is possible to generate NPOS independent solutions to Eq. (22) by constructing multiple forcing vectors in
Eq. (24) with column j structured as

ff jg ¼ d1j ; d2j ; . . . dij ; . . . dNPOS; j ; 0; 0; . . .

 �T

, (25)

where

dij ¼
1; i ¼ j;

0; iaj:

(

Eq. (24) is solved with NPOS right-hand sides in [f] described by Eq. (25). An influence coefficient matrix [C] is
then constructed with columns being the NPOS independent solutions generated in this way.

The solution for any randomly constructed modal input vector {a+} is then simply obtained by matrix
multiplication:

fxg ¼ ½C�faþg. (26)

Thus, after the efficient frontal solution of Eq. (25) with a relatively small number of right-hand sides, any
number of solutions for the acoustic field, and metrics such as transmission loss, can be generated for
randomly chosen input vectors via Eq. (26). This forms the basis for a statistical analysis of duct propagation,
with statistical metrics such as mean transmission loss and the probability density for transmission loss based
on a large sample space representing the acoustic source.

Each of the analysis methods has been coupled to an optimization algorithm. For the Cremer optimum, the
optimization scheme searches for the maximum attenuation in a specified mode, typically the mode with the
least attenuation. For the segmented duct code and the propagation code, the optimization scheme searches
for the maximum attenuation of acoustic power. In the case of a circular duct where the outer wall has
uniform lining, resistance and reactance are the two independent variables in the maximization algorithm. The
downhill simplex method, due to Nelder and Mead [17], was used. It requires only function evaluations
(the attenuation in our case) and not derivatives. The optimization process does not exclude the possible
convergence to a local maximum, but experience has shown that the occurrence of such cases is rare.
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3. Preliminary results

The Cremer optimum lining was determined for the least attenuated mode at the first blade passage
frequency (BPF) in a uniform inlet of radius R, with a 16-blade rotor at supersonic tip speed. Inlet flow is at
Mach number M ¼ �0.489 and the non-dimensional frequency Z ¼ 22.14 is obtained using the relation
Z ¼ pDf/c, where D ¼ 2R is the duct diameter, f the frequency in Hz and c the speed of sound of the mean
flow. In the circumferential mode m ¼ 16 two radial modes propagate. The treated section length is l ¼ 0.85.
Contours of equal attenuation are plotted in the impedance plane in Fig. 2.

The predicted optimum attenuation in the least attenuated mode is about 37 dB per distance equal to one
duct radius, or equivalently, 31.45 dB considering the lining length l ¼ 0.85. The optimum impedance,
Z ¼ 3.57�1.28i, was implemented in the segmented duct and propagation codes to compare the realized
attenuation. Results obtained using the segmented duct procedure for the case when equal power is assumed in
each of the two propagating modes are presented in Table 1. Seventeen choices of random phase produced by
different seeds in a random number generator were used to complete the source model. A wide range of power
attenuation values, dependent on phase, can be observed. Similar results were obtained under the equal modal
amplitude assumption.

For l ¼ 0.85, the Cremer optimum lining yields an attenuation of approximately 31.5 dB, higher than all but
two of the occurrences in Table 1. To explain why this happens, three of the cases were examined further, one
with a high attenuation, one with a medium attenuation and one with a low attenuation. Two propagating
modes are incident at the source plane and two propagating modes are reflected and transmitted at the
interface between the hard-wall source section and the lined section. In Table 2, the magnitudes and phases for
both incident and scattered modes for the three cases are shown. Attenuation was calculated with both the
segmented duct and propagation code (parentheses).

There is a distinct trend in the transmitted modal amplitudes that corresponds to the realized attenuation.
As the attenuation decreases, the magnitudes of the transmitted modal amplitudes tend to equalize and the
relative phase tends toward p radians. For the Cremer optimum impedance, the two modes tend to have
similar radial pressure distribution. In the lined section acoustic power depends on modal magnitude and
phase between modes. The combination of mode n ¼ 1 and the out of phase mode n ¼ 2 requires large
amplitudes to carry the power initially incident from the source. Out of phase interaction tends to reduce
acoustic pressure at the lining. The final effect is the reduction of attenuation below the attenuation levels for
individual modes.

It is interesting to analyze here the contours of acoustic pressure for two fan inlet cases with identical
modal magnitudes under the assumption of equal modal power in which only the phase distributions differ.
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Fig. 2. Impedance plane contours of equal attenuation. Zr ¼ 22.14, m ¼ 16, n ¼ 1 (least attenuated mode).
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Table 1

Attenuation for seventeen cases of randomly chosen phases; two propagating modes

Case # Attenuation (dB) Case # Attenuation (dB)

1 26.6 10 18.6

2 20.8 11 15.6

3 25.5 12 15.5

4 20.7 13 16.9

5 14.2 14 34.7

6 21.9 15 16.3

7 17.0 16 15.7

8 30.9 17 16.5

9 32.5

Zr ¼ 22.14, m ¼ 16, n ¼ 1, l ¼ 0.85R. Segmented duct calculations with Z ¼ 3.57�1.28i.

Table 2

Modal scattering and attenuation for two incident modes

Mode # Input Transmitted Power attenuation

Amplitude Phase Amplitude Phase

1 1 �1.35 1.49 �2.72 30.9

2 1.02 �2.92 0.84 �0.7 (31.1dB)

1 1 �1.32 12.89 2.05 20.7

2 1.02 �1.64 14.65 �1.15 (19.8dB)

1 1 �2.2 23.25 2.35 14.2

2 1.02 0.02 23.06 �0.82 (13.8dB)

Zr ¼ 22.14, m ¼ 16, l ¼ 0.85R. Segmented duct and propagation code calculations with Z ¼ 3.57�1.28i.
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Fig. 3. Pressure level contours for two incident phase distributions, one producing high attenuation and the other low attenuation.
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Cases 1 and 3 that were presented in Table 2 (cases 8 and 5 in Table 1) are considered. In Figs. 3a and b
are shown contours of equal acoustic pressure magnitude, both normalized to the largest pressure on
either plot.

In Fig. 3a is shown the acoustic field for the situation with high attenuation, 31.1 dB (propagation code). It
is observed that the scattering process results in relatively high acoustic pressure at the lining, which extends
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Fig. 4. Pressure level contours for two incident magnitude and phase distributions producing high and low attenuations, respectively.
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from x ¼ 0.35 to x ¼ 1.2. From results in Fig. 3b, it can be seen that in the case of low attenuation, the
scattering process results in relatively low acoustic pressure at the lining. In fact, higher acoustic pressures are
channeled away from the outer wall. This last case has a much lower attenuation: 13.8 dB (propagation code).
These two results suggest an explanation for differing lining performance, based on the acoustic field in the
lined portion of the duct. In the high attenuation case initial phasing and scattering produce relatively high
pressures at the initial portion of the lining on the outer wall. In the low attenuation case these effects combine
to put the modes in the lined section out of phase and therefore destructively interfering at the initial portion
of the lining on the outer wall.

The magnitudes of the incident modes along with their phase determine the attenuation. A case of a non-
uniform duct with a contour and mean flow representative of a turbo-fan inlet reinforces this observation. The
nacelle investigated in this study is based on the NASA Lewis ADP model scale inlet, with a scale factor of
5.91 [18,19]. For the duct geometry shown in Fig. 4, the non-dimensional frequency is Z ¼ 30.25, the
circumferential mode is m ¼ 0, and the flow has a speed of M ¼ �0.288 (inlet flow). The inlet geometry has a
hard wall center body while the outer wall has mainly resistive impedance, Z ¼ 2.86�0.01i. The lining extends
between x ¼ 0.5 and x ¼ 1. There are six propagating modes. In this case, modal magnitudes and phases
are chosen randomly with the constraint that total normalized power is unity. A number of trials yielded a
range of achieved attenuation. The normalized contour pressure levels for the case with the highest
acoustic power attenuation obtained, 8.35 dB are shown in Fig. 4a, while the ones for the lowest attenuation,
0.21 dB are shown in Fig. 4b. It can be observed that in the low attenuation case the acoustic field is channeled
toward the duct axis, while in the high attenuation case relatively higher acoustic pressure occurs along the
treated wall.
4. Statistical source description for lining evaluation

It has been shown in the previous section that both the magnitude and phase of the incident modes affect
acoustic attenuation in lined ducts. In this section, a more detailed analysis is carried out and distribution
models for the total acoustic power at the exit of the duct and attenuation are obtained.

A relatively large number of unsystematic choices of magnitude and phase (arbitrarily selected by a random
number generator provided with a ‘‘seed’’) are used to determine the range of attenuation for a given acoustic
lining. Modal magnitude variation is accomplished indirectly by varying statistically the power in each
propagating acoustic mode. Values of modal acoustic power and phase are assumed equally probable, so that
uniform random numbers are generated. Non-uniform distributions can be used in case pre-existing
information favors certain power or phase values.



ARTICLE IN PRESS
G. Zlavog, W. Eversman / Journal of Sound and Vibration 307 (2007) 113–138 123
4.1. Magnitude variation analysis

In most cases, insufficient or no reliable information is available about the noise source. A common way to
partially deal with this lack of information is to make the assumption that propagating acoustic modal
amplitudes have equal magnitude. Another hypothesis, used especially for broadband noise, is that the modes
are distributed according to equal acoustic power per radial mode. Here it is assumed that the acoustic power
in each incident radial mode varies randomly and independently of other modes while the phases at the source
plane are held constant in all modes (not necessarily equal). Every modal power will be identically distributed
in the interval (0, 1). It will be noticed in the following example that randomly powered incident modes will
generate a total power at the exit of the duct the probability (or frequency of occurrence) of which seems to be
normally distributed if relatively many modes contribute to it. This would be the case for a single low angular
mode and/or a high frequency. In the immediately following investigation a single angular mode is assumed.
A final case later assumes all propagating angular modes are present.

For the previously used inlet in Fig. 4, with Mach number M ¼ �0.416 at a frequency Z ¼ 50.75, 100,000
random sets of incident radial modes forming the circumferential mode m ¼ 0 are tested in the propagation
code. In each set, the radial mode power is randomly distributed (uniform distribution) while the phases are
equal. The lining impedance Z ¼ 3.0�3.0i is investigated. At this relatively high frequency and low mode
number, 11 radial modes propagate at the source plane.

The acoustic power at the exit of the duct depends on the randomly powered set of incident modes. The
resulting range of normalized exit power is divided in equal size bins (generally chosen as 0.3 times the
standard deviation). The number of occurrences is calculated for each interval and a fraction is made with
respect to the total number of trials, 100,000 in this case. This fractional number of occurrences plotted versus
the exit power range produces what is here and throughout described as a probability density function for the
total relative exit power that can be observed in Fig. 5a. In fact, a true probability density function with unit
area under the curve would be the fractional occurrences per unit bin width. The results here are therefore
scaled versions of the true density function. For comparison, a second case in which the circumferential mode
is changed to m ¼ 28 and having 6 propagating modes is presented in Fig. 5b. Also a third case with
circumferential mode m ¼ 40 with 3 propagating modes is shown in Fig. 5c.

It can be seen that a distribution that appears nearly Gaussian occurs even in the case with only 6 modes
propagating. Yet, in the case with 3 modes propagating, the distribution of the power at the exit of the duct is
skewed, with a longer tail to the right side. 100,000 sets of modes with randomly distributed power were used
for the purpose of obtaining smooth distributions. This number has no influence on the general nature of the
distribution of transmitted power, but a large number of samples increases the smoothness of the distribution
curves. In Fig. 6 it is shown that the attenuation distribution for the same cases is skewed. More attenuation
occurrences cluster in the low values, while higher values are less frequent. The mean attenuation is higher
than the median. This is due to the logarithmic mapping of power into attenuation.
Fig. 5. Exit power distribution for three different angular modes. Non-uniform duct Zr ¼ 50.75, M ¼ �0.416, Z ¼ 3.0�3.0i, equal

incident modal phase, random power. (a) m ¼ 0, (b) m ¼ 28 and (c) m ¼ 40.
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Fig. 6. Attenuation distribution for three different angular modes. Non-uniform duct. Zr ¼ 50.75, M ¼ �0.416, Z ¼ 3.0�3.0i, equal

incident modal phase, random power. (a) m ¼ 0, (b) m ¼ 28 and (c) m ¼ 40.

Table 3

Comparison between propagation code (equal phase and random modal power) and test data for inlet at 1000Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+0.64i)

(2.34�0.58i) (2.60�0.68i) (1.74�0.35i)

Minimum (dB) 0.26 0.33 0.33 0.32

Mean (dB) 2.23 2. 38 2.33 2.44

Maximum (dB) 5.09 5.87 5.81 5.79

Standard deviation (dB) 0.67 0.728 0.71 0.75

Test (avg.) (dB) 2.18 2.58 2.80

G. Zlavog, W. Eversman / Journal of Sound and Vibration 307 (2007) 113–138124
Comparison of predictions of the performance of acoustic treatment with experiment has historically not
been very successful. Results of the present investigation suggest this is due to inadequate source modeling.
The statistical prediction scheme based on random modal power is extended to explore broadband noise
attenuation for which experimental data are available. For the ADP inlet geometry previously shown in Fig. 4,
the attenuation for a case with many cut-on radial modes is considered by making use of the propagation
code. At a fixed engine speed of 5750 rev/min, several frequencies in the noise spectrum, with no connection
with blade and vane count judged not to be tonal, were studied. It is expected that broadband noise should be
characterized by all circumferential and radial modes which propagate. In this initial comparison, the
approach was to consider the single low order circumferential angular mode m ¼ 0 to generate many
propagating modes (a wide range of cut-off ratios), therefore, approximating the broadband conditions and
producing attenuation comparable to the whole ensemble of propagating modes.

No test data for incident modal amplitudes were available, so a statistical analysis assuming equal phase
with random incident modal power in angular mode m ¼ 0 was conducted. Three acoustic linings identified as
Linings 1, 2 and 3 were tested and results for frequencies of 1000Hz (Zr ¼ 30.25), 1250Hz (Zr ¼ 37.82),
1600Hz (Zr ¼ 48.4) and 2000Hz (Zr ¼ 60.5), are shown in Tables 3–6. The impedances of these three linings at
the three frequencies are shown over the corresponding columns in the tables. The center body is not
acoustically treated. The data values in the last column of these tables, labeled ‘‘Optimum’’, are for the
impedance that maximizes the mean attenuation obtained over 100,000 random modal power cases. Original
test results were reported in terms of sound pressure level (SPL) on a measurement arc in the radiated field for
the hard wall configuration, as well as for the three considered linings. Data were available over the range of
angles to the duct axis from 201 to 901. Predictions are in terms of acoustic power attenuation. Sound pressure
level data were converted to mean square pressure and integrated approximately over the hemisphere defined
by the measurement arc with the assumption that on the arc acoustic intensity is proportional to mean square



ARTICLE IN PRESS

Table 4

Comparison between propagation code (equal phase and random modal power) and test data for inlet at 1250Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+1.20i)

(2.34�0.18i) (2.69�0.32i) (2.38�0.14i)

Minimum (dB) 0.46 0.53 0.54 0.54

Mean (dB) 2.34 2.74 2.73 2.75

Maximum (dB) 5.25 6.07 6.00 6.08

Standard deviation (dB) 0.568 0.697 0.69 0.697

Test (avg.) (dB) 3.29 3.72 3.62

Table 5

Comparison between propagation code (equal phase and random modal power) and test data for inlet at 1600Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+2.06i)

(2.34+0.27i) (2.86�0.01i) (2.24�0.25i)

Minimum (dB) 0.56 0.77 0.77 0.79

Mean (dB) 2.24 3.38 3.36 3.44

Maximum (dB) 4.38 7.86 7.73 8.21

Standard deviation (dB) 0.482 0.847 0.84 0.874

Test (avg.) (dB) 3.83 5.49 4.85

Table 6

Comparison between propagation code (equal phase and random modal power) and test data for inlet at 2000Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+3.98i)

(2.34+0.73i) (3.14+0.23i) (2.38�0.12i)

Minimum (dB) 0.34 0.72 0.74 0.74

Mean (dB) 1.09 2.51 2.54 2.62

Maximum (dB) 2.11 6.10 6.14 6.47

Standard deviation (dB) 0.214 0.58 0.589 0.612

Test (avg.) (dB) 2.49 3.36 2.73
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acoustic pressure and directed normal to the calculation hemisphere. This equivalent experimental power
attenuation was compared with calculated values.

From data in Tables 3–6, it can be seen that the numerical simulation showed that the performances of
Linings 2 and 3 are about the same at the target frequencies tested and Lining 1 was the consistently least
effective linear. It should be noted at this point that the minimum and maximum attenuation values shown in
Tables 3–6, and all the subsequent ones, are obtained as a result of a statistical process. Another batch of
random input modal amplitudes would produce different extreme values, nevertheless, in repeated numerical
experiments there was little variation in the calculated extreme values. Test results have higher values of
attenuation for both frequencies when compared with the mean values, except for the Lining 1 at 1000Hz.
However, the test data are plausible because, with one exception (Lining 1 at 2000Hz), they all occur within
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the range of results for the attenuation obtained in the random trials. It is interesting to note that the
optimized lining did not provide a much better mean attenuation than Linings 2 and 3.

When the input modal power is varied, the highest values of attenuation are likely to be achieved when only
the incident radial modes having the cut-off ratio closest to unity are powered. The probability of
encountering cases in which only the low cut-off ratio modes are powered is very low considering all the
possible power combinations in all the modes. Still, by considering a large number of random trials, such
combinations occur, but the possibility of encountering an even higher value for attenuation must be
emphasized. Similarly, the emergence of even lower values than the lows in the attenuation ranges seen in
Tables 3–6 must not be excluded. On the other hand, 100,000 combinations of random incident modal power
assures a stable estimated mean value so that a different set of 100,000 input random incident modal powers
would produce an estimated mean attenuation very close to the previous one. The standard deviation estimate
also varies little from one trial to another. Extreme values of attenuation (minimum and maximum) found in
one trial of 100,000 random inputs may vary slightly from another trial. For a normal distribution around
95% of attenuation values occur within two standard deviations either side of the mean.

From these results, it is concluded that test results are, in most cases, within the statistical range predicted.
With the modal input limited to m ¼ 0, a good range of cut-off ratios is represented, and from the results of
this exercise we suggest that this statistical approach based on a limited number of modes might be useful for
design purposes. The possible disadvantage is that propagating m ¼ 0 modes are skewed somewhat to high
cut-off ratios as compared to a distribution of all propagating modes. Attenuation predictions may therefore
be somewhat pessimistic. It is also noted that deviations from the mean for the probability density functions of
Figs. 5 and 6 are large, and the inclusion of experimental results within the bounds shown is not conclusive
proof that either predictions or experiment are good.

4.2. Phase variation analysis

Numerical experimentation presented previously showed that attenuation realized by an acoustically
absorbing wall embedded in an otherwise hard wall duct is dependent on radial modal phasing when equal
power or equal magnitude per mode is assumed. Because incident acoustic power in propagating modes in the
hard wall section is dependent only on the modulus of the complex modal amplitudes, modal phasing can be
set statistically with equal power assumed in each mode. Each modal phase takes up any value in the interval
between 0 and 2p with equal probability of occurrence in this interval.

The cases presented previously in Fig. 5 are repeated, only this time the incident modal phases are varied
randomly and the modal powers are considered equal. For the inlet geometry of Fig. 4, with a lining of
impedance Z ¼ 3.0�3.0i, flow speed Mach number M ¼ �0.416 and frequency Z ¼ 50.75, 100,000 sets of
incident phases were chosen randomly while modal powers were set equal. Three angular modes were taken
into account: m ¼ 0, m ¼ 28, m ¼ 40, having 11, 6 and 3 propagating radial modes incident at the source,
respectively. The total exit power, as shown in Fig. 7, is clearly not a normal distribution. There is a wider
variation in exit power than when the incident modal power was varied randomly, if a comparison between
Figs. 5 and 7 is made. In Fig. 8 is shown the corresponding attenuation distribution for the cases mentioned
above.

Broadband noise attenuation test results previously presented in Tables 3–6 are once again compared with
findings from a statistical investigation, this time assuming equal modal power with random incident modal
phase, in circumferential mode m ¼ 0. The numerical experiment was extended to 100,000 cases of random
incident modal phases. Attenuation data in Tables 7–10 show qualitative similarity with attenuation data in
Tables 3–6. Linings 2 and 3 produce comparable attenuations at the four target frequencies, while again
Lining 1 performs worst. Attenuation ranges produced by random incident modal phases include averaged
test results; still mean statistical values are lower than for the test data, especially for the higher frequency
cases. Histogram presented in Figs. 9 and 10 provide a summary of attenuation probability distributions over
many trials for the data in Tables 7 and 9. The histograms indicate that the attenuation results follow a skewed
distribution with the right tail longer, a common feature for either randomly picked magnitude or phase. The
simple right-skewed attenuation distribution model turns out to be less suitable with a decrease in the number
of propagating modes. For Lining 1 at 1000Hz, three cases with different numbers of cut-on modes were
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Fig. 8. Attenuation distribution for three different angular modes. Non-uniform duct. Zr ¼ 50.75, M ¼ �0.416, Z ¼ 3.0�3.0i, equal

incident modal power, random phase. (a) m ¼ 0, (b) m ¼ 28. and (c) m ¼ 40.

Fig. 7. Exit power distribution for three different angular modes. Non-uniform duct. Zr ¼ 50.75, M ¼ �0.416, Z ¼ 3.0�3.0i, equal

incident modal power, random phase. (a) m ¼ 0, (b) m ¼ 28 and (c) m ¼ 40.

Table 7

Comparison between propagation code (equal modal power, random phase) and test data for inlet at 1000Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+0.64i)

(2.34�0.58i) (2.60�0.68i) (2.46�0.72i)

Minimum (dB) 0.22 0.21 0.20 0.20

Mean (dB) 2.08 2.422 2.424 2.427

Maximum (dB) 8.90 14.66 14.06 14.64

Standard deviation (dB) 1.145 1.442 1.455 1.452

Test (avg.) (dB) 2.18 2.58 2.80
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considered. In Fig. 11a, an incident angular mode m ¼ 20 was considered, with two equally powered cut-on
radial modes then in Fig. 11b an angular mode m ¼ 18 with three equally powered cut-on radial modes; and in
Fig. 11c, an angular mode m ¼ 0 with six equally powered cut-on radial modes. In each case, the relative phase
of the angular modes was varied randomly with 100,000 random trials.
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Table 8

Comparison between propagation code (equal modal power, random phase) and test data for inlet at 1250Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+1.20i)

(2.34�0.18i) (2.69�0.32i) (2.49�0.41i)

Minimum (dB) 0.47 0.46 0.44 0.45

Mean (dB) 2.13 2.557 2.559 2.57

Maximum (dB) 7.25 12.04 12.08 12.34

Standard deviation (dB) 0.887 1.198 1.215 1.215

Test (avg.) (dB) 3.29 3.72 3.62

Table 9

Comparison between propagation code (equal modal power, random phase) and test data for inlet at 1600Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+2.06i)

(2.34+0.27i) (2.86�0.01i) (2.49�0.34i)

Minimum (dB) 0.36 0.40 0.38 0.38

Mean (dB) 1.66 2.34 2.35 2.38

Maximum (dB) 5.01 9.89 10.94 10.81

Standard deviation (dB) 0.61 0.977 1.009 1.017

Test (avg.) (dB) 3.83 5.49 4.85

Table 10

Comparison between propagation code (equal modal power, random phase) and test data for inlet at 2000Hz, M ¼ �0.288, m ¼ 0

Model Lining 1 Lining 2 Lining 3 Optimum

Equal modal power, 100,000

random modal phase cases

Outer wall

impedance:

(1.72+3.98i)

(2.34+0.73i) (3.14,0.23i) (2.72�0.23i)

Minimum (dB) 0.16 0.36 0.35 0.35

Mean (dB) 0.93 2.10 2.17 2.22

Maximum (dB) 2.69 7.93 8.80 8.93

Standard deviation (dB) 0.325 0.818 0.875 0.893

Test (avg.) (dB) 2.49 3.36 2.73
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All three histograms shown in Fig. 11 show that the attenuation distribution is skewed toward the low
range. If only two radial modes are propagating, there is only one relative phase that is varied randomly
between 0 and 2p. The attenuation variation with relative phase for all 100,000 random phases is seen in
Fig. 12a. This simple case shows that even though the relative phase variation produces high as well as low
values of attenuation in a periodic manner, the low on the curve is more flat than the peak, favoring the
occurrence of attenuation in the low range. The attenuation variation with phase is not perfectly sinusoidal, in
which the lows are equally probable as the highs.

Attenuation variation with relative phase of the first two cut-on modes is shown in the graphs in Figs. 12b
and c. For the 3 cut-on radial mode case, there are two more relative phases (between the first and the third
and between the second and the third modes) that influence the attenuation. For the 6 cut-on radial mode case,
there are fourteen more relative phases that also control attenuation. Because the radial modes are equally
powered, all these relative phases influence the attenuation.
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Fig. 9. Attenuation histograms for the Linings 1, 2 and 3 at 1000Hz, M ¼ �0.288, m ¼ 0. (a) Lining 1, (b) lining 2 and (c) lining 3.

Fig. 10. Attenuation histograms for the Linings 1, 2 and 3 at 1600Hz, M ¼ �0.288, m ¼ 0. (a) Lining 1, (b) lining 2 and (c) lining 3.

Fig. 11. Attenuation histograms for Lining 1, 1000Hz, M ¼ �0.288. (a) 2 cut-on radial modes, (b) 3 cut-on radial modes and (c) 6 cut-on

radial modes.

G. Zlavog, W. Eversman / Journal of Sound and Vibration 307 (2007) 113–138 129
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Fig. 12. Attenuation variation with relative phase for Lining 1, 1000Hz, M ¼ �0.288. (a) 2 cut-on radial modes, (b) 3 cut-on radial modes

and (c) 6 cut-on radial modes.
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For the attenuation to be substantial, attenuation should occur for most relative phases, but as the number
of relative modes increases, the chance that all the relative phases would do so, is reduced. This is particularly
evident in Fig. 12c, where there are only a few occurrences in the vicinity of 8.9 dB, which is the maximum
attenuation achieved, while most attenuation values cluster in the low range.

In the hard wall section of the duct, the transmitted modes change relative phase while they propagate. The
length of the hard wall section between the source plane and the non-uniform duct section will influence the
phases of the modes incident on the non-uniform treated section, thus having a direct effect on the level of
achieved attenuation. However, if the modal phase is randomly selected, statistically, the length of the hard-
wall lead-in section will stop playing a role in the attenuation distribution. On the other hand, it is found that
the location of the lining in the non-uniform section affects the attenuation distribution.
4.3. Magnitude and phase varying simultaneously

Whether incident modal powers were set randomly while modal phases were held fixed (Tables 3–6) or
modal phases were set randomly while maintaining equal incident modal power (Tables 7–10) has only a
minor effect on predictions and comparison with experiment, although attenuation in the experiments appear
to be consistently higher than predicted mean attenuations.

If it is assumed that the experimental results are correct, and that measured (and post-processed)
attenuations are consistently higher than the predictions, these results may indicate that the assumption of
equal or random power in the radial modes is not sufficient in some cases, perhaps suggesting the use of a
power distribution favoring modes that propagate at large angles from the axis (cut-off ratios close to unity),
for example. In fact, Rice [9] has used a distribution biasing function based on the inverse powers of the cut-off
ratio, but he proposed it for tonal noise, mentioning that the use of other functions is not excluded.

For Lining 1 at 1600Hz, four modal power distributions, other than equal power were considered. The
relative phases are randomly selected. The coefficients that adjust the power in each radial mode are given in
Table 11. There are 10 cut-on radial modes and it can be observed that the first power distribution is one that
emphasizes modes with low cut-off ratio. The second distribution accentuates radial modes with intermediate
cut-off ratios and the third gives more power to modes with high cut-off ratio. A fourth distribution with
totally random powers in the radial modes is also considered. In each case 100,000 randomly selected sets of
incident amplitudes were considered.

To generate the first three power distributions, the following functions of the cut-off ratio were used:
1.
 f 1ðxÞ ¼ 1=xn, with n ¼ 1 (function suggested by Rice).

2.
 f 2ðxÞ ¼ exp ½ð�x� x1Þ

2=2n�, with n ¼ 1 and x1 ¼ 2.30 corresponds to the cut-off ratio of mode 5.

3.
 f 3ðxÞ ¼ ðx=x1Þ

n with n ¼ 0.3 and x1 the cut-off ratio of mode 1.
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Fig. 13. Attenuation frequency plots of four different power distributions. (a) Distribution 1—favoring low cut-off ratio, (b) distribution

2—favoring intermediate cut-off ratios, (c) distribution 3—favoring high cut-off ratios and (d) distribution 4—random power and phase

for all modes.

Table 11

4 modal power distributions, phases randomly selected

Mode # Power coefficients for radial modes

1 2 3 4 5 6 7 8 9 10

Cut-off ratio 1� 106 8.97 4.57 3.06 2.30 1.84 1.53 1.31 1.15 1.02

Distribution 1 0.001 0.114 0.224 0.334 0.445 0.556 0.667 0.778 0.889 1

Distribution 2 2� 10�7 6� 10�4 0.423 0.908 1 0.966 0.907 0.851 0.803 0.763

Distribution 3 1 0.243 0.199 0.176 0.162 0.151 0.143 0.137 0.131 0.127

Distribution 4 Random Random Random Random Random Random Random Random Random Random
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The relative attenuation frequency plot for the power distribution that emphasizes modes with low cut-off
ratio is presented in Fig. 13a. The one providing more power to modes with intermediate cut-off ratios is
shown in Fig. 13b, and the plot for modal power allocation that gives out more power to modes with a high
cut-off ratio is shown in Fig. 13c. The plot for the case when both modal power and phase are selected
randomly is presented in Fig. 13d.

Overall attenuation is reduced as high cut-off ratio modes are favored (distribution 3), while higher
values of attenuation are obtained when low cut-off ratio modes are favored (distribution 1), as seen in
Table 12. It can be observed that with the new models for power distribution in addition to randomly
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Table 12

Attenuation ranges of 4 different power distributions

Distribution # Minimum (dB) Mean (dB) Median (dB) Maximum (dB)

1 0.78 2.44 2.33 6.33

2 0.42 1.96 1.82 5.95

3 0.24 1.16 1.09 3.58

4 0.09 1.66 1.58 5.13

Table 13

Comparison between propagation code and test data for inlet at 1000Hz, M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Equal modal phase, 100,000 random modal power cases Outer wall impedance: (1.72+0.64i) (2.34�0.58i) (2.60�0.68i)

Model Model Model

1 2 3 1 2 3 1 2 3

Minimum (dB) 4.02 2.72 2.45 4.32 2.99 2.65 4.30 2.99 2.66

Mean (dB) 4.99 3.87 3.87 5.36 4.27 4.26 5.34 4.27 4.27

Maximum (dB) 6.19 5.42 5.56 6.74 6.22 6.23 6.69 6.24 6.23

Standard deviation (dB) 0.25 0.30 0.34 0.28 0.35 0.39 0.27 0.35 0.39

Test (avg.) (dB) 2.18 2.58 2.80
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distributed phase, the predicted ranges of achievable attenuations for Lining 1 at 1600Hz, are higher in the
case when strong low cut-off ratio modes are assumed (distribution 1 and to some extent distribution 2), but
the means are still lower than the ones found in the experimental test.
4.4. Attenuation predictions based on all propagating modes

The method used up to this point to approximate broadband noise was to assess attenuation for angular
mode m ¼ 0 which produces radial modes with an extensive range of cut-off ratios. As has been seen in
Tables 3–10, the result of this approach is a relatively wide attenuation range (a large standard deviation
associated with the attenuation probability density function) that in general includes attenuation calculated
from sound pressure level readings. The analysis is now taken a step further by calculating acoustic power
attenuation for the whole group of incident angular modes that have cut-on radial modes at a given frequency.
All incident acoustic powers in each angular mode are summed and similar summations are made for the
reflected modal powers and the transmitted powers at the exit of the duct.

A first statistical investigation, named ‘‘Model 1’’, assuming equal phases with 100,000 random incident
modal powers is carried out for Linings 1, 2 and 3 at the same 1000, 1250, 1600, and 2000Hz frequencies.
Then, in ‘‘Model 2’’, the same frequencies and linings are analyzed, only this time there are 100,000 cases of
equal incident modal powers with random phases. In ‘‘Model 3’’ there are 100,000 cases of random incident
modal phases and powers. The results are presented in Tables 13–16 for all three models.

An immediate observation is that the breadth of the probability density functions for attenuation are
considerably reduced; note the small difference between minimum and maximum predicted attenuations in the
tables. If test results are not within the calculated ranges of attenuation, they are close to them. It seems that
the lower frequency attenuation results are over-predicted when compared with test data, while in the higher
frequency range, the higher attenuations are closer to those found in the tests.
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Table 14

Comparison between propagation code and test data for inlet at 1250Hz, M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Equal modal phase, 100,000 random modal power cases Outer wall impedance: (1.72+1.20i) (2.34�0.18i) (2.69�0.32i)

Model Model Model

1 2 3 1 2 3 1 2 3

Minimum (dB) 3.85 2.33 2.47 4.41 2.68 2.83 4.42 2.70 2.85

Mean (dB) 4.58 3.53 3.56 5.32 4.12 4.15 5.32 4.14 4.17

Maximum (dB) 5.48 4.52 4.89 6.45 5.52 5.80 6.44 5.54 6.12

Standard deviation (dB) 0.19 0.21 0.24 0.24 0.28 0.31 0.24 0.28 0.31

Test (avg.) (dB) 3.29 3.72 3.62

Table 15

Comparison between propagation code and test data for inlet at 1600Hz, M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Equal modal phase, 100,000 random modal power cases Outer wall impedance: (1.72+2.06i) (2.34+0.27i) (2.86�0.01i)

Model Model Model

1 2 3 1 2 3 1 2 3

Minimum (dB) 3.41 2.05 2.03 4.53 2.57 2.54 4.55 2.63 3.00

Mean (dB) 3.93 3.01 3.02 5.26 3.95 3.96 5.28 4.00 4.00

Maximum (dB) 4.53 3.99 3.95 6.22 5.31 5.25 6.24 5.37 5.16

Standard deviation (dB) 0.13 0.13 0.16 0.19 0.21 0.23 0.19 0.22 0.24

Test (avg.) (dB) 3.83 5.49 4.85

Table 16

Comparison between propagation code and test data for inlet at 2000Hz, M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Equal modal phase, 100,000 random modal power cases Outer wall impedance: (1.72+3.98i) (2.34+0.73i) (3.14+0.23i)

Model Model Model

1 2 3 1 2 3 1 2 3

Minimum (dB) 1.75 1.66 1.58 3.02 2.72 2.58 3.16 2.79 2.61

Mean (dB) 2.00 1.92 1.92 3.46 3.21 3.21 3.60 3.30 3.30

Maximum (dB) 2.31 2.16 2.28 3.93 3.76 3.86 4.14 3.90 4.03

Standard deviation (dB) 0.06 0.06 0.08 0.11 0.12 0.15 0.11 0.13 0.19

Test (avg.) (dB) 2.49 3.36 2.73
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It is significant to observe here that mean attenuation results for Model 2 with random phase, equal modal
power, and Model 3 characterized by random modal power and phase are, if not the same, within hundredths
of each other for all four frequencies when all incident propagating modes are taken into consideration. This
important observation supports a deduction by Dyer [20]. He proved that for narrow bands at high
frequencies, when calculating time averaged random power in unlined ducts, the energy can be presumed
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Fig. 14. Attenuation range comparison: mode m ¼ 0 versus all propagating modes considered, for inlet at 1000Hz, M ¼ �0.288 (random

incident modal power and phases): (a) lining 1, (b) lining 2 and (c) lining 3.

Fig. 15. Attenuation range comparison: mode m ¼ 0 versus all propagating modes considered, for inlet at 1600Hz, M ¼ �0.288 (random

incident modal power and phases): (a) lining 1, (b) lining 2 and (c) lining 3.
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equally divided in all cut-on modes. Here it is shown that this conclusion can be extended to lined ducts as
well. Model 1 in which equal phase with random incident modal power is assumed produced averaged results
for attenuation that are higher than the ones for Models 2 and 3.

Comparison of results shown in Tables 7–10 with Model 1 results shown in Tables 13–16 reveal the shift and
the compression in the attenuation range for all linings at all frequencies for the present situation, when all
propagating modes are considered, as compared with the case when only propagating modes corresponding to
the angular mode m ¼ 0 were considered. A direct assessment of the above observation can be made with the
help of Figs. 14 and 15 where attenuation of mode m ¼ 0 is put side by side with the attenuation of all modes
for the case of random incident modal power and phase at 1000 and 1600Hz. The minimum and median
attenuation are both shifted toward higher values, while the maximum attenuation decreases. The shift in
attenuation toward higher values can be credited to the presence of radial modes with a low cut-off ratio that
are easier to attenuate, brought in by taking into account higher order circumferential modes.

It should be noted here that comparison frequency plots in Figs. 14 and 15, and subsequently Fig. 16,
represent fractional attenuation occurrence in bins with width 0.3 times the standard deviation for the m ¼ 0
case. They represent scaled probability density functions, but can be compared on an equal basis.

A further important observation is made if all circumferential and radial propagating modes are considered
and both modal power and modal phase are random. It was formerly found, in numerical experiments with
many radial modes in the single circumferential mode m ¼ 0, that an apparently normal distribution of
transmitted acoustic power is achieved if the modal power is random but the phase is fixed. On the other hand,
if modal power is held fixed and phase taken as random, the transmitted power was found not to be normally



ARTICLE IN PRESS

Fig. 16. Power transmission coefficient range comparison: mode m ¼ 0 versus all propagating modes considered, for inlet at 1000 and

1600Hz, M ¼ �0.288, lining 2 (random incident modal power and phases). The narrower distribution corresponds to all propagating

circumferential and radial modes. (a) 1000Hz, (b) 1600Hz.

Table 17

Comparison between propagation code (biased modal power emphasizing low cutoff-ratio modes) and test data for inlet at 1000Hz,

M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Rice biased modal power-

100,000 random phase cases

Outer wall impedance:

(1.72+0.64i)

(2.34�0.58i) (2.60�0.68i)

Minimum (dB) 1.51 1.73 1.75

Mean (dB) 2.19 2.65 2.70

Maximum (dB) 3.17 3.94 4.05

Standard deviation (dB) 0.217 0.302 0.314

Test (avg.) (dB) 2.18 2.58 2.80
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distributed. This observation was also made when both power and phase were random. The frequency of
occurrence for random incident modal power and random phases for both the m ¼ 0 case and the all
propagating mode case is shown in Fig. 16. For a direct comparison, the plots in Fig. 16 are shown as a
function of the power transmission coefficient, which is the total power at the exit divided by the total incident
power. This is shown for the case of all propagating modes at 1000 and 1600Hz.

The transmission coefficient appears to tend toward a Gaussian probability density function, even in these
cases when incident modal phases are picked randomly. When only m ¼ 0 was considered, the case of random
power and random phase led to a non-Gaussian distribution for transmitted power.

A shift of the attenuation range could be achieved by using modal power biasing, as it was seen to be the
case with mode m ¼ 0. This process can be extended to the case when all propagating modes are considered in
calculating acoustic attenuation. In this sense, at 1000Hz, if modes with high cut-off ratio are predominant,
lower attenuation should be achieved, while at 1600Hz, at the source, the modes with low cut-off ratios should
be getting more power than the modes with high cut-off ratios in order to get higher attenuation.

The modal power biasing function proposed by Rice, f(x) ¼ 1/xn, with n ¼ �0.67 was tested for the 1000Hz
frequency, while the same function with n ¼ 1 was tried for 1600Hz. Results are presented in Tables 17 and
18. Test results are close to mean attenuation values. If attenuation derived from tests were to be matched by
calculated values, for higher frequencies, incident modes with high cut-off ratio should be more heavily
weighted, while at lower frequencies those with lower cut-off ratio should be more heavily weighted.
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Table 18

Comparison between propagation code (biased modal power emphasizing low cutoff-ratio modes) and test data for inlet at 1600Hz,

M ¼ �0.288, all angular modes considered

Model Lining 1 Lining 2 Lining 3

Rice biased modal power-

100,000 random phase cases

Outer wall impedance:

(1.72+2.06i)

(2.34+0.27i) (2.86�0.01i)

Minimum (dB) 2.79 3.41 3.43

Mean (dB) 3.89 5.04 5.03

Maximum (dB) 5.18 6.96 6.93

Standard deviation (dB) 0.153 0.246 0.246

Test (avg.) (dB) 3.83 5.49 4.85

Table 19

Estimated mean and standard deviation for 100, 1000, 10,000 and 100,000 combinations of random incident modal power and phases for

m ¼ 0, Lining 1

1000Hz 1250Hz 1600Hz 2000Hz

Mean Standard deviation Mean Standard deviation Mean Standard deviation Mean Standard deviation

100 3.17 1.39 2.21 0.92 1.63 0.59 1.69 0.71

1000 3.29 1.57 2.44 1.11 1.72 0.67 1.22 0.53

10,000 3.34 1.61 2.42 1.09 1.71 0.68 1.21 0.51

100,000 3.34 1.59 2.42 1.09 1.71 0.68 1.20 0.51

Table 20

Estimated mean and standard deviation for 100, 1000, 10,000 and 100,000 combinations of random incident modal power and phases, all

angular modes considered, Lining 1

1000Hz 1250Hz 1600Hz 2000Hz

Mean Standard deviation Mean Standard deviation Mean Standard deviation Mean Standard deviation

100 3.88 0.404 3.52 0.345 2.99 0.245 1.90 0.099

1000 3.87 0.341 3.55 0.257 3.02 0.171 1.92 0.078

10,000 3.86 0.335 3.55 0.246 3.02 0.160 1.92 0.079

100,000 3.87 0.335 3.56 0.243 3.02 0.158 1.92 0.079
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A matter of interest for the present investigation is the influence the size of the random modal input sample
space has on the accuracy of the mean attenuation and standard deviation. In this sense, mode m ¼ 0 and also
the combination of all the propagating modes are studied, with 100, 1000, 10,000 and 100,000 random input
modal power and phase combinations for Lining 1 at the 1000, 1250, 1600 and 2000Hz frequencies.

In Table 19, it can be seen that for angular mode m ¼ 0, 1000 random input modal combinations would
provide good approximations for the average attenuation as well as for the distributional standard deviation,
within approximately 1–2% of the corresponding reference values obtained for 100,000 random modal input
combinations. The case of 100 random input combinations fails to obtain good estimates, this being especially
evident for the 2000Hz frequency. A total of 10,000 random modal power and phase sets produce attenuation
with mean and standard deviations that are for all practical reasons, the same as those for the 100,000 random
modal sets.

Table 20 shows that, similarly, when all propagating modes are considered, 1000 and 10,000 random modal
power and phase combinations would yield attenuation mean values identical and standard deviation results
very close to the ones resulting from a set of random modal power and phase combinations as big as 100,000.
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5. Conclusions

The main goal of this study has been to explore the variation among analysis methods for the prediction of
attenuation of lined turbofan inlet ducts. It has been demonstrated that details of the source model are critical
in prediction of performance of acoustic treatment. Preliminary numerical experiments reveal that realized
attenuation is strongly dependent on modal phasing and on scattering of incident modes at the interface
between the hard wall source section and the acoustically treated section. More detailed analysis shows that
realized attenuation is dependent on source details, and these may be uncertain. An acoustic treatment
performance prediction method has emerged that provides for a statistical description of the source in terms of
random modal power and random modal phase.

Specific findings include:
�
 For an acoustic lining imbedded in a hard wall duct, acoustic power transmission loss depends on the
magnitude of the complex modal coefficients and strongly on the relative phase of the modes.

�
 A finite element duct propagation code has been developed for prediction of transmission characteristics

with a statistically defined source model. Attenuation results are given in terms of probability distributions.

�
 Source descriptions examined include (a) random modal power and equal phase for all propagating radial

modes for a single circumferential mode; (b) equal modal power and random phase for all propagating
radial modes for a single circumferential mode; (c) random modal power and random phase for all
propagating radial modes for a single circumferential mode; (d) modal power assigned with a biasing
function and random phase for all propagating radial modes for a single circumferential mode; (e) random
modal power and random phase for all propagating circumferential and radial modes for a single
circumferential mode.

�
 For a single circumferential mode with a relatively large number of propagating radial modes, statistical

distributions for transmitted power appear to be normally distributed (Gaussian) if modal power is random
and phase is fixed or if modal power and phase are both random.

�
 For a single circumferential mode statistical distributions for transmitted power are not Gaussian if modal

power is fixed or skewed with a biasing function and phase is random.

�
 For the case of all propagating circumferential and radial acoustic modes and with random modal power

and phase, transmitted power appears to be normally distributed. This case produces statistical
distributions with the least standard deviation, suggesting the sharpest estimate for realized attenuation.

�
 The several statistical models for realized attenuation have been compared to experimental data and the

conclusion is drawn that in all cases a statistical source description produces better agreement with data
than an unfounded assumption of modal input.
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